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Abstract
The complexity of the dual of a type I optimal normal basis of Fqn over Fq is computed to be either 3n−3
or 3n − 2 according as q is even or odd, respectively. A partial converse of this result is also obtained.
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1. Introduction
A normal basis of Fqn over Fq is a basis of the form N = {α,αq, . . . , αqn−1}, where α is called
a normal basis generator for Fqn/Fq . Write αi = αqi , 0 i  n − 1, let
ααi =
n−1∑
j=0
tij αj , 0 i  n − 1, tij ∈ Fq (1)
and denote the n×n matrix (tij ) by T . We call the number of non-zero entries in T the complex-
ity of the normal basis N , denoted by cN . A normal basis N is called optimal if cN = 2n − 1.
Let M = {β1, β2, . . . , βn} be another basis of Fqn over Fq , M is referred to as the dual basis of
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basis, so we can let M = {β0, β1, . . . , βn−1} be the dual basis of N with βi = βqi , 0 i  n− 1.
A type I optimal normal basis N of Fqn over Fq is a normal basis consisting of the n nonunit
(n + 1)th roots of unity, where n + 1 is a prime and q is a primitive in Zn+1.
Let N be an optimal normal basis of type I of Fqn over Fq and M be its dual. When q = 2,
the complexity cM is known to be 3n − 3, cf. [1, Theorem 5.4.10].
Two normal bases N = {α0, α1, . . . , αn−1} and M = {β0, β1, . . . , βn−1} are said to be equiv-
alent, if there is a c ∈ F∗q such that M = cN . Clearly, equivalent normal bases have the same
complexity.
In the present paper first we will prove that when N is equivalent to a type I optimal normal
basis, the complexity cM is either 3n − 3 or 3n − 2 according as the characteristic of Fq is 2 or
not 2, respectively. Then we give a partial converse of this result, which is a generalization of the
case q = 2 obtained in [3].
2. The complexity of the dual basis of a normal basis which is equivalent to a type I
optimal normal basis
We need the following lemma, cf. [2, Theorem 4.7].
Lemma 1. Let α be a normal basis generator for Fqn over Fq . For i = 0,1, . . . , n − 1, let
αi = αqi , ti = Tr Fqn /Fq (α0αi), and consider the polynomial h(x) = tn−1xn−1 + · · · + t1x + t0.
Let g(x) = dn−1xn−1 + · · · + d1x + d0 be the unique polynomial of degree  n − 1 satisfying
g(x)h(x) ≡ 1 (mod xn −1). Then the dual basis of the normal basis generated by α is the normal
basis generated by the element β = d0α0 + · · · + dn−1αn−1.
Theorem 2. Let N = {α,αq, . . . , αqn−1} be equivalent to a type I optimal normal basis of Fqn
over Fq , where n 2, and let M = {β,βq, . . . , βqn−1} be the dual basis of N. Then the complexity
of M is either 3n − 3 or 3n − 2, according as the characteristic of Fq is 2 or not 2, respectively.
Proof. Write αi = αqi and βi = βqi , 0 i  n − 1. Let
αβi =
n−1∑
j=0
dijβj , 0 i  n − 1, dij ∈ Fq, (2)
and
ββi =
n−1∑
j=0
cijβj , 0 i  n − 1, cij ∈ Fq . (3)
We know that dij = tj i , tij = t−i,j−i . So dij = t−j,i−j = di−j,−j for all 0  i, j  n − 1. Let
D = (dij ) and C = (cij ), which are called the matrices associated to N and M , respectively.
We know that each row of D has exactly two non-zero entries which are additive inverses,
except the first row which has exactly one non-zero entry with value b = Tr(α). This is equivalent
to saying that for each i = 0, αβi is of the form aβk − aβl for some a ∈ F∗q and integers 0 k,
l  n − 1 with k = l and αβ0 = bβm for some integer 0  m  n − 1. Replacing α by −α/b
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Theorem 5.9 of [2], N now is a type I optimal normal basis. Then we have
αβ0 = −βm. (4)
Also, from Tr(α)Tr(β) =∑i,j αiβj =∑k Tr(αβk) = 1 we deduce Tr(β) = −1.
Because N is a type I optimal normal basis, from the proof of Theorem 5.9 of [2] we must
have 2m ≡ 0 (mod n). Actually we have n = 2m, m  1. Raising (4) to qmth power, we have
that
αmβm = −β2m = −β0 = βm/α (5)
which implies
ααm = 1 = −Tr(α) = −α0 − α1 − · · · − αn−1. (6)
This shows that dim = tmi = −1 for all 0 i  n−1. By (4) we have that d0m = −1 and d0j = 0
for all 0 j  n − 1, j = m. Then for each i = 0 there is a unique i∗ = m such that
αβi = βi∗ − βm. (7)
Clearly τ : i → i∗ is a bijective map from {0,1, . . . , n−1}−{0} to {0,1, . . . , n−1}−{m}. Hence
each i∗ = m occurs exactly once, and so
ααi∗ = αi for i∗ = m, ααm = 1.
Since τ(i) = i∗, we have
αατ(i) = αi for i = 0.
Therefore
ααi = ατ−1(i) for i = m, ααm = 1.
Let ti = Tr Fqn /Fq (ααi). Then ti = Tr(ατ−1(i)) = Tr(α) = −1 for i = m, and tm = Tr(1) = n. So
h(x) = tn−1xn−1 + · · · + t1x + t0 = −xn−1 − · · · − xm+1 + nxm − xm−1 − · · · − 1. (8)
Since N is a type I optimal normal basis, n+ 1 is a prime (which will be denoted by p), and q is
primitive in Zp . Thus
h(x) = −(xn−1 + · · · + x + 1)+ pxm, p ∈ F∗q . (9)
Let
g(x) = dn−1xn−1 + · · · + d1x + d0
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g(x)h(x) ≡ 1 (mod xn − 1).
By Lemma 1, β = d0α0 + · · · + dn−1αn−1. Because Tr Fqn/Fq (α) = Tr Fqn /Fq (β) = −1,
d0 + d1 + · · · + dn−1 = 1.
Thus
h(x)g(x) = [−(xn−1 + · · · + x + 1)+ pxm][dn−1xn−1 + · · · + d1x + d0]
= [−(xn−1 + · · · + x + 1)+ pxm][dn−1(xn−1 − 1)+ · · · + d1(x − 1) + 1].
Because xn − 1 = (x − 1)(xn−1 + · · · + x + 1) and (x − 1) | (xk − 1) for k ∈ N, k  1,
h(x)g(x) ≡ −(xn−1 + · · · + x + 1)+ pxm(dn−1xn−1 + · · · + d1x + d0)
= −(xn−1 + · · · + x + 1)+ p[dn−1xm−1+n + dn−2xm−2+n + · · ·
+ dmxn + · · · + d1xm+1 + d0xm
]
≡ −(xn−1 + · · · + x + 1)+ p(dn−1xm−1 + dn−2xm−2 + · · ·
+ dmx0 + dm−1xn−1 + · · · + d1xm+1 + d0xm
)
= (−1 + pdm−1)xn−1 + (−1 + pdm−2)xn−2 + · · · + (−1 + pd0)xm
+ (−1 + pdn−1)xm−1 + (−1 + pdn−2)xm−2 + · · · + (−1 + pdm)
≡ 1 (mod xn − 1).
It follows that di = p−1 for i = m, dm = 2p−1. Therefore
β = d0α0 + · · · + dn−1αn−1 = p−1(α0 + α1 + · · · + αn−1) + p−1αm
= p−1Tr(α) + p−1αm = −p−1 + p−1αm.
So
βi = βqi =
[−p−1 + p−1αm]qi = −p−1 + p−1αm+i . (10)
When i = m,
ββi =
(−p−1 + p−1αm)(−p−1 + p−1αm+i)
= p−2 − p−2αm − p−2αm+i + p−2(ααi)qm
= p−2 − p−2αm − p−2αm+i + p−2ατ−1(i)+m
= −p−1(−p−1 + p−1αm)− p−1(−p−1 + p−1αm+i)+ p−1(−p−1 + p−1ατ−1(i)+m)
= −p−1β − p−1βi + p−1βτ−1(i).
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particular,
ββ =
{−p−1β − p−1β + p−1βτ−1(0) = p−1βτ−1(0) if Fq is of char. 2,
−p−1β − p−1β + p−1βτ−1(0) = −2p−1β + p−1βτ−1(0) if Fq is of char. not 2.
When i = m,
ββm =
(−p−1 + p−1αm)(−p−1 + p−1αm+m)
= p−2 − p−2αm − p−2αm+m + p−2(ααm)qm
= p−2 − p−2αm − p−2αm+m + p−2
= −p−1β − p−1βm.
Now we conclude that when the characteristic of Fq is 2, the complexity of M is 1 + 2 +
3(n − 2) = 3n − 3, when the characteristic of Fq is not 2, the complexity of M is 2 + 2 +
3(n − 2) = 3n − 2. 
Corollary 3. Let N = {α,αq, . . . , αqn−1} be an optimal normal basis of Fqn over Fq , n 3. Let
M = {β,βq, . . . , βqn−1} be the dual basis of N . Then M is an optimal normal basis of Fqn over
Fq if and only if N is not equivalent to a type I optimal normal basis.
Proof. By the proof of Theorem 5.9 of [2], we have that N is either equivalent to a type I op-
timal normal basis or not. By Theorem 1 above, we have that when N is equivalent to a type I
optimal normal basis, the complexity of M is at least 3n − 3 > 2n − 1 for n  3, so M is not
an optimal normal basis of Fqn over Fq . When N is not equivalent to a type I optimal normal
basis, by the proof of Theorem 5.9 of [2] we get α = cβ , for some c ∈ F∗q so M is equivalent
to N , and M is an optimal normal basis. 
3. A partial converse of Theorem 2
Theorem 4. Let both α and β generate normal bases such that N = {α,αq, . . . , αqn−1} and
M = {β,βq, . . . , βqn−1} are dual to each other. Then N is equivalent to a type I optimal normal
basis if the complexity of M is either 3n−3 or 3n−2 according as q is even or odd, respectively,
and the first column of C (the matrix associated to M) is of the form [2a, a, . . . , a]T , where
a ∈ F∗q .
Proof. We have
βα = a
n−1∑
i=1
αi + 2aα0. (11)
Thus
βα − aα = a
n−1∑
αi = aTr(α). (12)
i=0
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without loss of generality assume that Tr(α) = −1 so
βα = aα − a. (13)
This means that
β = a − aα−1. (14)
Because cii = c−i,0 = a for i = 0, the main diagonal and column 0 together contain 2n − 2
of the 3n − 3 non-zero elements in C or 2n − 1 of the 3n − 2 non-zero elements in C according
to q being even or odd, respectively. Thus for 1  i  n − 1, column i of C has precisely two
non-zero elements: one in row i, the other in row i′, say. Hence for each i = 0 there exists a
unique i′, 0 i′  n − 1 such that
βαi = aαi − aαi′ . (15)
Then
aααi′ = α(aαi − βαi) = ααi(a − β) = ααi
(
aα−1
)= aαi. (16)
So
ααi′ = αi. (17)
Clearly the mapping i −→ i′ is bijective from {1,2, . . . , n − 1} to {0,1, . . . , n − 1} − {m} for
some integer 0m n − 1.
From (17), we deduce
n−1∑
i=1
ααi′ =
n−1∑
i=1
αi = Tr(α) − α = −1 − α. (18)
So
ααm +
n−1∑
i=1
ααi′ = −1 − α + ααm. (19)
Because {αm} ∪ {αi′ | i = 1,2, . . . , n − 1} = {αi | i = 0,1, . . . , n − 1}, we have
α
n−1∑
i=0
αi = −1 − α + ααm, (20)
i.e.,
αTr(α) = −1 − α + ααm. (21)
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−α = −1 − α + ααm. (22)
Therefore
ααm = 1. (23)
Multiplying (17), i = 1,2, . . . , n − 1 and (23) together, we have
(
n−1∏
i=1
ααi′
)
ααm =
n−1∏
i=1
αi. (24)
Thus
αn+1 = 1. (25)
Since α = 1, α must be a zero of
f (x) = xn + xn−1 + · · · + x + 1 ∈ Fq [x]. (26)
Since α is a normal basis generator, α have degree n over Fqn . Then f (x) is irreducible, and
n+1 is a prime. By (17), (23), (25) we know that α generates a cyclic group with n+1 elements.
Thus α is a primitive (n + 1)th root of unity—that is, a generator of the type I optimal normal
basis. 
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